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^ ■ Abstract 



Vasiliev equations facilitate globally defined formulations of higher-spin gravity in vaiious coitc- 
spondence spaces associated with different phases of the theory. In the four-dimensional case this in- 
duces a coiTcspondence between a generally covariant formulation in spacetime with higher-derivative 



■ interactions to a formulation in terms of a deformed symplectic structure on a noncommutative dou- 

> 

, bled twistor space, whereby spacetime boundary conditions correspond to sectors of an associative 

^ ! 

00 ■ star-product algebra. In this paper, we look at observables given by integrals over twistor space defin- 

O , 

^ I ing composite zero-forms in spacetime that do not break any local symmetries and that are closed on 

^ ■ shell. They are nonlocal observables that can be evaluated in single coordinate charts in spacetime and 

inteipreted as building blocks for dual amplitudes. To regulaiize potential divergencies arising in their 
curvature expansion from integration over twistor space, we propose a closed-contour prescription that 
respects associativity and hence higher-spin gauge symmetry. Applying this regularization scheme to 
twistor-space plane waves, we show that there exists a class of dual amplitudes given by supertraces. 
In particular, we examine next-to-leading corrections, and find cancellations that we interpret using 
transgression properties in twistor space. 
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1 Introduction 

1.1 Summary of our results 

In this paper, we examine a particular type of classical observables of Vasiliev's four-dimensional bosonic 
higher-spin gravities [1, 2] (see also [3, 4]), namely the zero-form charges introduced in [5] and evaluated 
on exact solutions in [5, 6, 7]; see also [8] and the forthcoming papers [9, 10]. These observables are defined 
in terms of the full master fields of the theory. They can be expanded in terms of non-local functional of the 
dynamical scalar field and the on-shell curvatures of the dynamical gauge fields with positive integer spin, 
known as generalized Weyl tensors. The aim of our paper is to examine theii" curvature expansion in more 
detail in certain sectors of the theory. 

In unfolded dynamics [11, 12], the scalar as well as the generalized Weyl tensors are treated together with 
all their nontrivial space-time derivatives on the mass shell as independent differential zero-form fields. The 
unfolded formulation thus amasses an infinite-dimensional set of zero-forms, whose integration constants 
contain the local degrees of freedom of the theory. This set constitutes a single master field, referred to as 
the Weyl zero-form, taking its values in a unitarizable representation of the higher-spin algebra, the twisted- 
adjoint representation. The zero-form charges are thus functional of the Weyl zero-form that are closed on 
shell and that hence can be evaluated at some arbitrarily chosen point in spacetime. Their being on-shell 
closed is equivalent to that they do not break any higher-spin gauge symmetries, which is important for their 
physical interpretation^ . 

A key feature of Vasiliev's formulation of four-dimensional higher-spin gravity is that the twisted-adjoint 
representation space, where thus Weyl zero-form belongs, has a dual description in terms of functions on 
the two-complex-dimensional twistor space treated as a noncommutative manifold with a star product. In 
this fashion, twistor-space boundary conditions correspond to boundary conditions on the dynamical fields 
in spacetime. The higher-spin symmetry then organizes various sets of such duals pairs of boundary con- 
ditions into irreducible representations that make up different sectors of the theory. This leads to a key 
physical problem, namely to determine which combinations of such sectors constitute globally well-defined 
formulations of four-dimensional higher-spin gravity. 

In this paper, we shall focus on a particular sector of the theory, consisting of twistor-space plane waves, 
'in particular, it means thiat they can be used to enrich the parity- violating interaction ambiguity of bosonic higher-spin gravities 

[9]. 
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as originally introduced in [13, 14]. The perturbative completion of classical solutions starting from lin- 
earized twistor space plane waves, has been studied in [3, 15], where in particular the issue of convergence 
of the star-products was analyzed, as we shall review briefly in what follows. As was established in [3, 15], 
the plane-wave sector is free of any divergencies at the level of the locally defined fundamental master fields. 

In what follows, we shall examine the effect of inserting these perturbatively defined solutions into the 
classical observables given by the zero-form charges introduced in [16, 5]^*. A key feature of the zero-form 
charges are that they are functional of the Weyl zero-form, which is a locally defined object, that are invari- 
ant under all higher-spin gauge symmetries off shell. This imphes that the zero-form charges are globally 
defined off shell and de Rham closed on shell. Unlike generic intrinsically defined and hence nonlocal ob- 
servables, which typically requires many space-time charts for their evaluation, the zero-form chai^ges can 
be evaluated in a single chart and interpreted as basic building blocks for dual twistor-space amplitudes, as 
we shall discuss below. The zero-form charges are given by traces of star-products of the Weyl zero-form. 
The trace operations is defined by integration over twistor space with insertions of various combinations of 
holomorphic and anti-holomorphic Klein operators, realized using Weyl ordering as Dirac delta functions. 
While the star-products have finite curvature expansions in the plane-wave sector, in accordance with [3, 15], 
potential divergencies arise in the trace operation. 

In order to regularize these, we propose a perturbatively defined prescription whereby the auxiliary open- 
contour integrals appearing in the curvature expansion of the master fields [1, 2] are replaced by auxiliary 
closed-contour integrals via an insertion of a logarithmic branch cut; see Eq. 47. As we shall show in Section 
4, in the sector of twistor-space plane waves, this yields a well-defined curvature expansion of the particular 
type of zero-form charges obtained by inserting both types of Klein operators into the trace. In this case, the 
potential divergencies can be avoided by deforming the closed contours while preserving associativity and 
hence higher-spin gauge symmetry. Working within this scheme, we examine next-to-leading corrections 
and find cancellations that we interpret using transgression properties in twistor space. 

We also encounter other formally defined gauge-invariant functionals that have actual divergencies in 

the sector of twistor-space plane waves. These objects may have two interpretations. One is that they are 

simply ill-defined as physical observables and should not be considered at all. An alternative approach, 

is to instead examine whether they can be regularized in other sectors of the theory, such as unitarizable 

representations of the higher-spin algebra, which we leave for future studies. Our paper contains a number 

of comments pertaining to the latter more general picture, that by now is starting to become clearer, and that 

''For further constructions of zero-form charges, see [17, 6]. The roles of massive parameters and the related notion of a dual 
Weyl zero-form in strictly massless theories are addressed in [8]. For similar constructions in the case of de Sitter gravity, see [18]. 
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we hope will stimulate further progress in this field. 

1.2 Plan of the paper 

The rest paper is organized as follows: 

The remainder of Section 1 contains further general remarks on how the unfolded approach lends itself 
naturally to studying observables and semi-classical localizability. 

In Section 2 we review the Vasiliev equations in the case of four-dimensional minimal bosonic higher- 
spin gravities, and outline their curvature expansion in "twistor gauge" which yields a unique perturbative 
expansion for real-analytic initial data in twistor space. We also discuss the unfolded treatment of initial and 
boundary values and the corresponding notion of moduli spaces of globally defined classical solutions. 

In Section 3 we examine further the key role played by the Weyl zero-form in unfolded dynamics, and 
we present locally accessible zero-form observables and discuss how these can be used to examine the 
localizability of states. 

In Section 4 we propose a perturbatively defined closed-contour scheme for regularizing potential di- 
vergencies in star- products and traces in twistor-space that preserves associativity and hence higher-spin 
gauge invariance and that reduces to the open-contour scheme for sufficiently regular initial data. We then 
apply this scheme to the curvature expansion of zero-form invariants in the sector of twistor-space plane 
waves. We find that several observables, based on supertraces, remain uncorrected in the next-to-leading 
order which we interpret using a transgression formula in twistor space. 

Finally, in Section 5 we conclude by summarizing our results and outlining future directions. 

In Appendix A we fix our conventions for the star product. 

1.3 Observables, regularization and localizability 

In generally covariant field theories, the classical solution spaces, or moduli spaces, consist of gauge equiv- 
alence classes of boundary conditions. The classical functions on these spaces, or classical observables, 
are intrinsically defined functional of the locally defined fields, i.e. functional that are gauge invariant 
off shell and diffeomorphism invariant on the base manifold on shell; for details in the case of higher-spin 
gravity, see the forthcoming papers [19, 9]. In this sense, there is an intimate interplay between the choices 
of on-shell observables and off-shell structure group. This leads to the notion of a topological symmetry 
breaking mechanism that induces various moduli spaces, which one may refer to as homotopy phases of a 
generally covariant field theory. 
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Visualizing these moduli spaces using classical observables, the physically relevant issues are i) the 
dynamical nature of the topological symmetry breaking mechanism, i.e. its implementation at the level 
of a path integral (for discussion in the case of higher-spin gravity, see [19, 9]); and ii) whether spaces 
of linearized initial data belonging to unitary, or unitarizable, representations of the gauge algebra can 
be completed, perturbatively or by exact methods, into spaces of globally defined full solutions forming 
subspaces of suitable homotopy phases. On physical grounds, one expects that unitarizability arises in 
sectors of the theory consisting of multi-body solutions that factorize in limits into products of single-body 
solutions occupying finite regions of background spacetimes. The factorization should arise from imposing 
suitable boundary conditions on the base manifold as well as in target space, leading to multi-body systems 
in which each body has a well-defined center-of-mass. As their spatial separation becomes large, one may 
then require that the separate bodies decouple from each other in the sense that the classical observables 
exhibit cluster decomposition, as we shall discuss in more detail below. This form of localizability should 
be independent of non-localities appearing via gauge artifacts or in higher-derivative interactions in the 
locally defined effective equations of motion. 

Physically speaking, at scales far from cosmological or Planckian regimes, it makes sense to sidestep 
and temporarily postpone the study of the aforementioned issues in the case of general base manifolds, and 
begin by focusing on perturbative expansions of amplitudes around background metrics of simple topology 
and with boundary conditions imposed on the dynamical fields. The resulting amplitudes are holographic 
observables tied to the boundaries [20], serving as the basic building blocks for a topological sum, or as 
generating functions, in suitable limits, of localized bulk observables such as relational observables [21] and 
flat-space scattering matrix elements [22]. This leads to the notion of order parameters for soldered and 
metric phases. These are the holographic observables and other classical observables that depend on metric 
structures, such as homotopy charges, minimal areas and possibly partition functions of tensile branes. In 
the off-shell formulation, these order parameters break the gauge symmetries of the soldering one-form, i.e. 
the local translations. ^ 

There are also observables that do not break any local symmetries, including locally defined translations, 

and which hence remain valid in the unbroken phase. A particular- class of such observables are locally 

accessible in the sense that they can be evaluated using the field content of a single coordinate chart. In 

the unfolded formulation, these observables are composite zero-forms = J^{^) where <!> is the Weyl 

'^Off shell, the soldering one-form belongs to a section of the gauge bundle associated to the principle gauge bundle of the 
structure group i.e. the group generated by the unbroken gauge parameters; for further details in the context of higher-spin gravity, 
see the forthcoming paper [9]. In the metric phase, the soldering one-form is assumed to be invertible. On shell, its gauge parameters 
belong to a section of the gauge bundle and are associated to globally defined vector fields thus identifiable with diffeomorphisms. 
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zero-form [11, 12]; see also below. These observables are valid also in the soldered and the metric phases, 
where they can be expanded in terms of all possible on-shell derivatives of the locally defined fields. Unlike 
the order parameters, these observables remain nontrivial as the metric background degenerates or becomes 
insignificant in comparison to the size of metric fluctuations. Their not breaking any gauge symmetries, i.e. 

= 0, is equivalent to that they are globally defined off shell and de Rham-closed on shell, i.e. dJ^ = 
modulo the equations of motion. One may hence refer to them as zero-form charges. 

There are several ways of interpreting the zero-form charges. In the classical theory, they have a natural 
interpretation as Casimir invariants for locally defined systems of linearized unfolded equations of motion 
[8]. Two such systems, associated to two overlapping coordinate charts, can be glued together on shell only if 
all zero-form charges agree. In the quantum theory, one may instead seek to interpret them as basic building 
blocks for amplitudes, namely the on-shell values of certain deformations [9] of the topological action 
principle of [19] generalizing the action principle of [12] recently revisited in [23]. In this context, their 
perturbative <l>-expansions, viz. = Y1'^=q ^^"'H^, ■ ■ ■ , yield multi-hnear and bose-symmetric 

functionals (")(<I>i, . . . , <!>„), that we refer to as quasi-amplitudes. One may ask: 

• How to regularize quasi-amplitudes? 

Let us precise the question as follows: The candidate unitarizable representations of the higher-spin 
algebra arise in the abstract Weyl zero-form module as the result of choosing boundary conditions. 
In the presence of a finite cosmological constant, these representations have the property of being 
isomorphic to their duals; for a general discussion, see for example [8, 24] ^. More generally, di- 
rect products of such self-dual representations may contain singlets, which correspond to zero-form 
charges of the free theory arising in the leading order of the <I>-expansion. One may then examine 
whether these free-theory zero-form charges can be dressed by sub-leading equivariant corrections 
into perturbatively defined zero-form charges of the full theory. In the metric phase, these corrections 
are expansions in derivatives of fluctuations of the dynamical fields, given in units of the cosmologi- 
cal mass-scale. In unitarizable sectors, these expansions, which are now taken on shell with specific 
boundary conditions, may become strongly coupled in which case their evaluations require regular- 
ization schemes, that may be specific to the sectors under study. 

• How to identify sectors of localizable states? 

Let us precise the question as follows: Independently of whether the equations of motion contain non- 

*For strictly massless models, such as Yang-Mills theory in flat spacetime and gravity with vanishing cosmological constant, 
the construction of locally accessible observables appears to require an extension of the Weyl zero-form by a dual Weyl zero-form 
<1>* containing unfolded generalizations of vacuum expectation values [8, 24]. 



7 



local interactions or not, the physically relevant question is whether the theory admits boundary con- 
ditions corresponding to unitarizable sectors of states {/p*} that are i) labeled by points pi and internal 
labels Si', and ii) localizable in spacetime in the sense that the quasi-amplitudes ^'^\fpl, ■ ■ ■ , fp") 
fall off sufficiently fast as the points pi,i = 1, . . . , n, are separated spatially; c.f. the fall-off behav- 
iors of holographic ampUtudes [25, 26] and the curvature tensors in the one-body soli ton solutions of 
[27, 28, 29, 30, 10]. 

In what follows, we shall examine these two issues in mode detail in the case of Vasiliev's four- 
dimensional higher-spin gravity where the zero-form chai'ges are given by integrals over a twistor space 
[16,5, 17,6]. 

1.4 Generalities of unfolded dynamics 

To examine whether metric phases can be generated dynamically by perturbing unbroken phases by metric 
order parameters, it is natural to start from Vasiliev's unfolded dynamics [11, 12]. The reason is that unfolded 
dynamics provides manifestly diffeomorphism-invariant parent formulations of generally covariant quantum 
field theories in which i) the locally defined classical field dynamics is described by a topological field theory 
that does not refer to a non-degenerate metric background; ii) effective frame-like formulations arise upon 
perturbative eliminations of auxiliary fields assuming that a soldering one-form is invertible (whether or not 
the graviton is dynamical); and iii) the transition between topological and metric phases is smooth at the 
level of counting locally accessible and gauge invariant degrees of freedom, as we shall discuss in more 
detail below. In other words, these unfolded parent formulations disentangle the two roles usually played by 
the metric as gauge field for local translations as well as carrier of local spin-two degrees of freedom. As a 
result, the former role arises upon soldering while the latter role is taken over by an independent spin-two 
Weyl zero-form field^ 

The aforementioned features are innate in unfolded dynamics since it is based on the formulation of 

field theory starting from algebraic structures that ai^e more rudimentary than metric structures, namely 

various graded differential algebras, ranging from the free and graded commutative case to the strongly 

homotopy associative one, via the quasi-free and associative graded differential algebras, which are the ones 

of relevance for Vasiliev's higher-spin gravities. The graded commutative case, i.e. which is the natural first 

differential-form generalization of the theory of fiber bundles associated to principal bundles for Lie groups 

'in particular, ordinary relativistic quantum field theories in rigid metric backgrounds, such as flat spacetime, arise as sponta- 
neously broken phases of diffeomorphism invariant topological field theories with dynamical vielbein and Lorentz connection and 
fixed, non-dynamical spin-two Weyl zero-form, vanishing for flat spacetime. 
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over classical base manifolds, was explored already in the pioneering works of Cartan and other early 
mathematicians (for example, see [31] for a review). It was then refined by Sullivan [32], and furthermore 
brought in contact with supergravities by [33, 34, 35, 36, 37] though in a hybrid set-up that exploits only 
partially the utilities of differential algebras. 

These were taken into account more fully by Vasiliev [11, 12] in the context of reconciling higher- 
spin and general covariance on shell^. In doing so, Vasiliev identified the key roles played by i) infinite- 
dimensional Weyl zero-form modules in deforming gauge structures on shell [11, 12]; and ii) the natural 
generalization of free and graded commutative differential algebras to quasi-free and associative dittos on 
noncommutative base manifolds and correspondence spaces. These two refinements together form the cor- 
nerstones in his monumental works [1,2] (see also [3, 4]) on fully nonlinear unfolded equations of motion 
for four-dimensional higher-spin gravities^, later extended to lower dimensions [43, 44]^° as well as sym- 
metric tensor gauge fields in higher dimensions [47] ' ' . 

We remark that the generalization of unfolded dynamics to strongly homotopy associative graded dif- 
ferential algebras is based on generalized Hamiltonian quantum field theories in more than one dimension. 
These theories have been developed, largely independently of unfolded dynamics, within topological AKSZ- 
BV field theory [49, 50, 51, 52, 53, 54, 55] and later adapted to Vasiliev's coiTcspondence-space formalism 
in [56, 57]. Within this context, it is natural to impose a quantum version of Weyl's Gauge Principle, 
whereby Nature is to be described by hierarchic duality web consisting of unfolded quantum field theories. 
As one goes upwai^d in the hierarchy, ghost number at one level becomes identified with form degree at the 
next level in such a way that the master equation and topological summation uplifts to unfolded equations 
of motion and radiative corrections, respectively. 

In this context, the Vasiliev systems in various dimensions and with different amounts of supersym- 
metry and other internal quantum numbers have been proposed to be the master theories for i) free (su- 
per)conformal field theories restricted to bilinear composites [58, 59, 60, 25, 26] with double-trace sewing 
operations [59]; and ii) topological open strings in (super)singleton phase spaces [16]. This massless duality 
web has furthermore been proposed to fit into tensionless limits of string and M theories with cosmological 
constants [58, 59, 61, 16]. The Vasiliev systems are then viewed as classically consistent truncations of 

*For reviews on higher-spin gauge theories, see [38, 39, 40]; [41] which stresses formal structures and third-quantization; and 

[42] which is a non-technical review of the key mechanisms going into the higher-spin extensions of ordinary gravity. 
'See also [6] for generalizations to various signatures including chiral models in Kleinian and Euclidean signatures. 
'"See also [45, 15] containing an interesting mechanism of relevance to topologically massive and/or chiral gravities in three 

dimensions. We note that three-dimensional higher-spin gravities without matter [46] sit on-shell as consistent truncations of 

corresponding matter-coupled Vasiliev systems obtained by setting all zero-forms to zero. 
"See also [48] for an alternative trace-unconstrained formulation. 
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hitherto unknown massively extended higher-spin gauge theories that are to be the master theories for i) free 
(super)conformal field theories restricted to multi-lineai^ composites [58, 59, 61] with double-trace sewing 
operations [59]; and ii) topological Wess-Zumino-Witten models with spectral flow [16, 62], critical W- 
gaugings [16] and compatible gaugings corresponding to Vasiliev's deformed oscillator algebra (arising in 
continuum limits of the topological open strings [16]). 

Having made these general remarks on what one may arguably refer to as the salient features of unfolded 
dynamics and the crucial role it has played so far in developing higher-spin gravity, we now turn to the main 
part of the paper. 

2 Vasiliev's four-dimensional minimal-bosonic higher-spin gravity 

In this section we present Vasiliev's unfolded formulation of four-dimensional higher-spin gauge theories, 
including gravity, in the case of bosonic models. The unfolded equations of motion provide a fully nonlin- 
ear and background independent description of classical higher-spin gravities^^. Their expansions around 
various backgrounds yield perturbative formulations in terms of different sets of dynamical fields. In par- 
ticular, in the case of the minimal bosonic models, there exists such a perturbative expansion in terms of a 
dynamical scalar, a metric and a tower of symmetric tensor-gauge fields, also known as Fronsdal tensors, of 
even ranks, living on a four-dimensional manifold. In this perturbative formulation, which is along the lines 
of the Fronsdal Programme [42] and lends itself to physical interpretations in terms of ordinary relativistic 
field theory, the four-dimensional diffeomorphism invariance is manifest while the higher-spin gauge sym- 
metries ai^e not, and instead hold only formally in a double perturbative expansion in terms of weak fields 
and derivatives, given in units of a cosmological constant. The background independent formulation is cru- 
cial, however, for the purpose of providing the theory with a globally defined geometric formulation and 
related classical observables [9], which can then of course be expanded perturbatively. 

2.1 Locally defined unfolded equations 

2.1.1 Unfolded formulation in correspondence space 

The unfolded equations of motion amount to constraints on the generalized curvatures of two master dif- 
ferential forms, "3> and A, of degrees zero and one, respectively. These fields are elements in the unital, 
graded noncommutative and associative ^^--product algebra consisting of differential forms on 'tf, a 

'^For a maximally duality extended off-shell description of four-dimensional bosonic models, see [19]. 
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noncommutative correspondence space given locally by the product 

loc 

^ ^ ^ X ^ , (1) 

where and are noncommutative base and fiber manifolds, respectively. Letting d denote the exterior 
derivative on , and %y the symplectic volume form on W , the generalized curvature constraints are of the 
form 

+ =0, r»i.(dA^:2^^ =0, (2) 

where (cS*, S-^) are nonlinear structure functions built from exterior ^-products of <1>, A and closed and 
central elements on ^ in such a way that the constraints are Cartan integrable, i.e. compatible with = 0. 

In the case of ordinary differentiable base manifolds, Cartan integrable systems are known as free or 
quasi-free graded differential algebras depending on whether their integrability holds without any extra 
algebraic constraints on the basic differential form variables or not, respectively. One may thus refer to 
Cartan integrable systems on noncommutative and associative base manifolds containing closed and central 
elements, such as Vailiev's equations, as quasi-free associative graded differential algebras. Although there 
is no consensus in the literature, we prefer to reserve the term unfolded dynamics for the formulation of field 
theories using differential algebras in general'^. 

The Cartan integrability of an unfolded system implies that its locally accessible degrees of freedom ai^e 
encoded into the initial data C for the zero-forms in the system [11, 12]; for the relation to harmonic analysis, 
see [7,8, 24]. Given such an initial data, and assuming boundary conditions on the variables of positive form 
degree, a solution space to an unfolded system can be constructed from a family of gauge functions; for the 
role of gauge functions in the context of imposing boundary conditions at dSS, see [19, 9]. In the case of (2) 
[13], one may thus construct solution spaces using a gauge function L and an initial condition 



C = $ 



(3) 

pox^y 



at a point po £ ^\ for applications to exact solutions, see [5, 6], and to amplitude calculations, see [26]. 
Globally defined observables that do not break any higher-spin gauge symmetries, and that are hence inde- 
pendent of L, can the be extracted as functional of C via zero-form charges [5, 6], which is to become the 
main topic below. 

The aforementioned unfolded formulation of the initial/boundary value problem in generally covariant 
field theory, implies that (2) is equivalent to its reductions to commuting, n-dimensional submanifolds 



"For example, more generally, one may consider unfolded systems based on quasi-free strongly homotopy associative graded 
differential algebras. 
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C SS. To this end, one assumes some boundary values for the components of A that are in the kernel 
of the pull-back operation to ^„ x '{V . Expanding in the initial data 



\J = A 



(4) 



then yields a perturbatively defined unfolded system on ^„ x W described by a free and graded commutative 
differential algebra of the form 

+ = 0, (iC/ + ^^ = 0, (5) 

where the structure functions {J2^,J2^) are linear and bilinear in U, respectively, and given by non- 
polynomial expansions in This reduced system can be solved using a reduced gauge function L and 
the same initial data for the zero-form, viz. 

C = ^Ux^ (6) 

as in (3), assuming that po G In this fashion, one may reduce the system all the way down to a 

four-manifold assuming that U contains a non-degenerate vierbein then yields a manifestly generally 
covariant metric formulation of four-dimensional higher-spin gravity with higher-derivative interactions; for 
further details, see for example [63]'^. 

The manifest general covariance is a consequence of the fact that the unfolded equations of motion 
possess manifest Lorentz covariance [65]; for the explicitly Lorentz-covariantized unfolded equations of 
motion, see also [63] and [9]. Technically speaking, the Lorentz covariantization is achieved via a field 
redefinition U = W + K where K is linear in the canonical Lorentz connection and W consists of canonical 
Lorentz tensors. Since the zero-form sector on ^„ is unaffected by these steps, we shall work mainly with 
the fields U and its uplift U on ^. 

2.1.2 Minimal-bosonic master fields 

In the case of the four-dimensional minimal-bosonic models based on the minimal higher-spin Lie algebra 
f)s(4) D so(2, 3), the base manifold 

loc 

3§ ^ T*J^ X 3f , (7) 

loc 

that is, the con^espondence space 'rf = T*^ x 3f x where T*^ is a phase space with canonical 
coordinates {X'^'^ , Pm), and 2f and "3^ are two copies of the complex two-dimensional twistor space with 



'"'For the analogous application to the superspace formulation of four-dimensional higher-spin supergravities, see [64]. 
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globally defined canonical coordinates Z— = (z", — z") and Y— = (y", y") forming 5p (4) -quartets splitting 
into s[(2; C) doublets'^ The non-vanishing ^-commutators are 

{x^ ,p^\ = ib"^ , [y^y^U = 2zC£^, {z'^,z%= -lic^, (8) 

In Eq. (2), the sections in ^ are described locally by operators that can in their turn be represented 

by symbols f{X,P,Z;Y;dX,dP,dZ) (see Appendix A). Strictly speaking, to define the theory, the 
symbols must belong to a space of functions where the ★-product rule obeys associativity. The choice of 
such a space of functions is a key physical problem and one of the key motivations behind the present 
work. In [3] (see also [15]) it has been proposed to work with twistor-space plane waves; these generate 
a well-defined ★-product algebra containing instanton-like exact solutions [5, 6]. Many other applications, 
however, force the master fields out of this class; for example, see [6, 7, 30, 10]. 
The exterior derivative on the base manifold <^ reads 

d = d + q, d = dX^'du + dPud^' , q = dZ^da ■ (9) 

The duality-unextended master fields of the minimal-bosonic model are a twisted-adjoint zero-form 

$ = $(X,P,Z;y) , (10) 

and an adjoint one-form 

A = U + V , (11) 

consisting of a component 

U = dX^^^ Um (X, P, Z; Y) + dPM U^' {X, P, Z;Y) , (12) 
along T*^, and a component 

V = dZ^Va{X,P,Z;Y) , (13) 
along the twistor space In bosonic models, the master fields obey^^ 

^7f(A$) = (1,$) , (l,$)t = (-l,7r($)) , (14) 

'^We use the conventions A^^ = C^Ap and A" = e^^A^ and Ac = A^e^,, for A^^ = (A", ±A"), and the notation A ■ A' = 

A^^A,,, A ■ A' = A"A'„ and A ■ A' = A^A^^ . 

'^The hats denote quantities that depend generically on both Y and Z; we drop the hats in order to indicate reduced quantities 

that do not depend Z . 

'^Here we are focusing on the models containing spacetimes with Lorentzian signature and negative cosmological constant; for 
other signatures and signs of the cosmological constant, see [6]. 
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where the automorphisms vr and vr and the hermitian conjugation are defined by c? o (vr, vr, |) = (vr, vr, f ) o d 
and^^ 



^ (2/0) -^O) -^o) — ( yaiVa) -2-0 ;2q) 
^ iVai Van ^a) {.Vai Vai ^a) 

iyaiUa'i Zotf Za)^ = {Uctj Ua] Za) , 



7r(/*?) = 7r{f)-k-K{g) , 



(15) 
(16) 
(17) 



In the minimal bosonic models, the master fields obey the stronger projection condition 



(18) 



that define define the adjoint and twisted-adjoint representattions of f)s(4), respectively, and where the anti- 
automorphism r is defined hydoT = Tod and 



T {ya,ya;Za,Za) = [iVa, Wa] -iZa, -iZa) , T{f-kg) = {-1)^ ^ T {g) T {f) 



(19) 



The vrvr-projection in (14) and the r-projection in (18) remove all components of the master fields that are 
associated with the unfolded description of fermions and symmetric tensors with odd spin, respectively. 

2.1.3 Master-field equations 

In order to study the zero-form charges, we focus on the models with linear interaction function [1, 2, 3, 4] 
(see also [63, 66, 19, 9]). For this simplest choice, the unfolded equations of motion (2) amount to that the 
Yang-Mills-like curvature of A is equated on shell to the ^-product between <^> and a deformed symplectic 
two-form J , viz. 

F + $*JpaO, F := dA + Ai.A, (20) 
where J is defined globally on and obeys 



dJ = 



JJ = 0, t(J) = 



J 



(21) 



for any / obeying vr7r(/) = / and where we have defined 



f*g-g*Tr{f) 



(22) 



'^The rule (/ * g)^ = (—1)-'^^ ^ * holds for both real and chiral integration domain in (191). 

"The minimal-bosonic model is a consistent truncation of the bosonic model where the r-projection is replaced by the weaker 
bosonic projection tttt (A, $) — (A, <J>) . 



14 



In the minimal model, 



J= -^(^bdz'^K + bdz'^t), (23) 



where k and R, are the Klein operators^^ of the complexified Heisenberg algebra generated by {ya,Za) and 
iija, Za) , respectively. The insertion of the inner Kleinians is crucial in order for the deformation <I> * J of 
F on shell to be non-trivial in the sense that it cannot be removed by any field redefinition [1]. 

By making use of field redefinitions $ — )■ A<I> with A G M , A 7^ , the parameter 6 in J can be taken to 
obey 

|6| = 1, arg(6) G [0,7r] . (24) 
The phase breaks parity except in the following two cases [66]^': 

Type A model (parity-even physical scalar) : 6 = 1, (25) 

Type B model (parity-odd physical scalar) : b = i . (26) 

The integrability ofF + <^*jRiO implies that ★ J) ?a with D acting on ^ -k J in the adjoint 
representation, that is, 

D$ ^0 , D$ := $ + -$*7t{A) , (27) 

with D acting on ^ in the twisted-adjoint representation. This constraint on <I> is integrable, since D^^ = 
F ★ $ - <I> * tt{F) = -<I> -k J -k^ + ^ -k 7r(<I>) -k J = using the constraint on F and (21). 

In summary, fully nonlinear and background independent unfolded formulation of minimal-bosonic 
higher-spin gravities with restricted (linear) interaction function is given by the generalized curvature con- 
straints 

F + $*J?sO, D$ ^ , dJ = 0, (28) 



F := dA + Ai^A, D<^ := 4> + 



A,^ 



(29) 



^"The two-dimensional complexified Heisenberg algebra [u, = 1 has the Klein operator k — cos*(7rw ★ u) , which anti- 
commutes with it and v and squares to 1 . Hence k is invariant under the canonical SL{2; C)-symmetry. This property becomes 
manifest in Weyl order, where the symbol of k is proportional to the two-dimensional Dirac delta function. It follows that (k, R) 
is invariant under SL{4; C) x SL(4; C) , that is broken by dz'^ and dz"^ down to a global GL{2; C) x GL(2; C) symmetry of the 
Vasiliev system, that is generated by diagonal 51/(2; C) x SL{2; C) transformations and the exchange (i/q, Za) (iza, —iza) . 
The latter symmetry is hidden in the formulation in terms of differentials on Z-space while it becomes manifest in the deformed- 
oscillator formulation. 

^'starting from a general deformation of Fa/i , one can show that compatibility, manifest Lorentz covariance and unbroken parity 
lead uniquely to the Type A and Type B models. 
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and the algebraic constraints 



A, J 



, (30) 



thus forming a quasi-free associative free differential algebra. The consistency of these equations as well as 
their compatibility with the kinematic conditions ( 1 8) is a consequence of the assumed associativity of the 
★-products among the full master fields {A, <I>; J }. 

A general property of free differential algebras, is that their Cartan integrability implies Cartan gauge 
invariance [11, 12]. In the case of quasi-free associative algebras, the gauge invariance is broken for the 
central elements (since the gauge transformations must preserve algebraic properties). In the case of (28), 
the Cartan gauge transformations read 



5zA = De, (5^J = , (31) 



6^^ 



Tit) = -e, (e)T = -e, (32) 



defining the adjoint and twisted-adjoint representations of the algebra j)s(4), with closure [5-^-^, (Jjj] = 6-^^^^ 
where ?i2 = [ei,e2]*- 

2.2 Higher-spin geometries, observables and homotopy phases 

Before proceeding with the perturbative analysis, we would like to outline the interplay between classical 
observables and globally defined geometric formulations of higher-spin gravity; for a more detailed presen- 
tation, see[9]. Barring the issue of Lorentz-covariance (see end of Section 2.1.1), the split in (9) and (11) 
yields 

(i$ + $*7r(C/) « 0, dU + Ui^U^O, (33) 



qU + dV + Ui.V + Vi.U « 0, (34) 

g$ + F*$-$*7r(y) ?s 0, gi> + i>*y + $*jwo, (35) 

to be given a geometric meaning as a bundle over T* ^ . We remark that this system exemplifies a subtlety 
of quasi-free differential algebras in general, as compared to ordinary free differential algebras: thought 
of as a bundle-like structures, the topology of the fibers may vary between different regions of the base 
manifolds. For example, in an exact solution it may be the case that the connection V may degenerate at 
some special points or submanifolds of ^ [10]. 

With this caveat in mind, generalized higher-spin geometries can be defined by treating subalgebras 
t C f)s(4) as Lie algebras for structure groups of principal t-bundles over T* M . In such a geometry, a 
globally defined solution to the Vasiliev equations (28) is a gauge equivalence classes consisting of master 
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fields [A I, ^j) defined on coordinate charts labelled here by / , glued together by transition functions 
r/' = exp^(t|'), where tj' are t- valued functions defined on overlaps. The gauge equivalence relation is 
given by 

Ai ~ {Gi)-^*{Aj + d)*Gi , $/ ~ (G/)-i*$7*7r(G/) , ff ~ Gj^i^ff^Gr, (36) 

where Gj = exp^(e/) with ej € t defined on ^7 (without obeying any conditions on d^i). One thus 
has [// = F/ + El, where F/ € t is the connection of the principal t-bundle and Ei G f)s(4)/t is a 
soldering one-form. The fields (£'/, V/, <!>/) are local representatives of sections of a t-bundle associated to 
the principle t-bundle. The on-shell configurations |F/, £'/, V/, $/ ; r/'|_form a moduli space 93t^, which 
we refer to as the homotopy t-phase of the theory. The aim is to coordinatize this space using globally 
defined observables ^[F, E^, F, <I>; T] built from the locally defined data. These are functionals that are 
[19, 9] i) manifestly t-invariant off shell; and ii) invariant under all canonical transformations of ^ on 
shell (hence in particular- the diffeomorphisms of Such quantities can be constructed by integrating 
manifestly t-invariant quantities built from ^-products of (F, i?, T) over various submanifolds of the 
correspondence space for example, in constructing p-form charges, one integrates on-shell de Rham 
closed densities over over nontrivial cycles S x x where S C ^ . 

There are two basic types of phases of the theory: the unbroken phase for which t = lis(4) and hence 
= 0, and various broken soldered phases for which t = fn C f)s(4) and hence E is nontrivial. In the 
latter case, one may refer to in as a generalized Lorentz algebra, and on general grounds it is assumed that 
in □ s/(2,C). There is no unique choice of m, however, so there exist many soldered phases; for further 
details, see [9]. 

Let us mention briefly the basic features of the soldered phases and the topological phase. 
Soldered phases 

A soldered phase 9JTj^ is characterized by observables ^^[E^, that are manifestly tn-invariant off shell 
and diffeomorphism invariant on shell (which is to say that they are intrinsically defined on associated in 
bundles) where i? is a projection of \J , refeiTcd to as the soldering one-form, that transforms homogeneously 
under gauge transformations valued in fn. Letting S denote a nontrival closed cycle in the base manifold, 
one has (for further details, see [9]): 

• Homotopy chai'ges B^\^\E, <I>] = §^{lo^\E, $] + K^) where lo^ is a set of globally defined differ- 
ential forms that are equivariantly closed on shell, viz- doj^ + f^{uj'^) ^ (using the equations of 
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motion for the locally defined fields), and are the globally defined solutions to dK^ = f^{uj^) 
on S; 

• Minimal areas j2/inin[S|G(5)] (and other brane observables appearing in non-topological brane parti- 
tion functions) derived via norms induced by generalized metrics appearing as singlets in the sym- 
metric direct products of the frame field; using commuting coordinates X'^^ of dimension length on a 
Lagrangian submanifold and letting ("3>; —,...,—) denote s-linear and totally symmetric in-invariant 
functions on the coset, one has the rank-s metrics 

{dXy\G^^^ = dX^^ ■■■dX^^GM,...MAX) = X-\s){^;E,...,E) , (37) 

where A is a massive parameter introduced such that E and Gmi...Ms can be taken to be dimensionless. 

Metric phases arise within soldered phases as the soldered form E picks up vacuum expectation values. In 
the limit where the frame field vanishes as the Weyl zero-form is held fixed: 

S ^ 0, $ fixed i<inP|G(«)] ^ 0, (38) 

the order parameters for the metric phase degenerate (vanish or diverge). We stress once more the required 
status of the Weyl zero-form <^ as an independent field for the previous limit to make sense. 

Unbroken topological phase 

The unbroken phase is characterized by observables that are manifestly f)s (4) -invariant off shell and dif- 
feomorphism invariant on shell (any such observable of course remains an observable in the various broken 
phases). The near-integrability of Vasiliev's higher-spin gravity motivates the following two types of ob- 
servables in generally covariant systems which do not break any gauge symmetries (for further details, see 
[9]): 

• Locally accessible observables given by zero-forms J^[po |^] where po is a point on the base manifold, 
obeying 

^ 0, (39) 

which we refer to as zero-form invariants'^ ; 



c.f. the zero-form invariants of higher-spin gravity introduced in [16, 5] and [17, 6]; see also [8] for a discussion of the role 
of massive parameters in constructing zero-form invariants and the notion of dual Weyl zero-form in strictly massless theories, and 
[18] for a similar construction in the case of de Sitter gravity. 
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• Multi-locally accessible observables 1^[r(pi,... ,pn)\U ,V depending on $ and the one-form 
connections in U and loops T{pi, . . . ,pn) C ^ passing through n special points, such that W is 
independent under smooth deformations of the interiors of the loop and (i = 1, . . . , n) 

dp,W ^ (40) 

which we refer to as decorated Wilson loops. 

In the absence of nontrivial monodromies in the flat connection on ^ , the decorated Wilson loops collapse 
formally to the zero-form charges J^[po|'I*] [9]. Their physical meaning will be discussed in Section 3, and 
the perturbative existence of one particular class of zero-form charges, based on the supertraces given in Eq. 
(98), will be spelled out in Section 4. 

2.3 Perturbative expansion in the Weyl zero-form 
2.3.1 Real-analytic master fields 

Using standard techniques, the twistor space equations (34) and (35) can be solved locally in Z-space using 
a gauge function A for V and starting from an initial datum 

U = U\z=o G f)s(4) , $ = $U=o G T[t)<4)] , (41) 

where the reduced adjoint and twisted-adjoint representations of the minunal-bosonic models are defined by 

()5(4) = {X{Y) : r(A) = A^ = -a} , p(A)A' = [X,X%, (42) 

r[f)s(4)] = { C{Y) : r(C) = 7t{C) , = 7r{C) } , p(A)C = [\,C]^ . (43) 
The general perturbative form of the solution reads 

$ = $(A,$), V = qX + V[X,^]. (44) 

To fix the gauge function A, one may impose the radial twistor gauge condition 

izV = ^ ^zX = - izVx^ , (45) 

where iz and J^z denote the inner and Lie derivatives, respectively, along the radial vector field 

Z = Z^da . (46) 
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The gauge condition (45) leads to a unique and real analytic solution under the assumption that the initial 
datum $ and W are real analytic functions on '3^ with a <I> -expansion into perturbative building blocks with 
well-defined ★-product compositions. 

To implement the gauge condition, one may use the homotopy contraction operator 

pr = iz ^7(0 1^' , lit) = log j—^ , (47) 

where j{t) is taken to branch along [0, 1] and F is a closed contour encircling [0, 1] counter clockwise. 
If j = -^dZ-^ ■ ■ ■ dZ-pjai...ap{Z) is a p-form of degree p ^ 1 that is real-analytic^^ and q-closed, then 
t-^zj = ^dZ-^ ■ ■ ■ dZ-p t'P jai...ap{tZ) is a real-analytic function int . It follows that q{prj) can be re- 
written by integrating by parts in t, which leaves no boundary term since F is closed, after which F can be 
deformed to a simple pole at t = 1. One thus has (the last property is nontrivial only if p = 1) 

QiPrj) = j, iziprj) = 0, {pr j)\z=o = 0, (48) 

for any closed homotopy contour F encircling [0, 1] counter clockwise. When acting on sufficiently regular 
twistor-space forms, the contour F can be collapsed onto the branch-cut using the fact that 

= f'dtfit), (49) 



[0,1] 2vrz Jo 

for functions f{t) that do not diverge faster than than (t — x)^ for all x G [0, 1] and some y > —1. Acting 
in the class of such functions, one has 

PY = p := iz^ , (50) 
and the homotopy contracting property follows immediately from 

qp=l-iz-^q- (51) 
Returning to the twistor-space equations (35), they can thus be rewritten as 



$ = $ - pp 



V,<l> 



V = - pr [<^*J + Vi^V] , (52) 



under the assumption of the twistor gauge (45) and real-analyticity of the initial datum^^ ^{Y) ■ These 
algebraic equations can then be solved iteratively in a perturbative expansion of the form 

$ = E^=i ['J', • • • , ^] , V = Zn=l ^^"^ • • • , ^] , (53) 



^^The statement that a symbol is real-analytic is ordering dependent; see Section 4.2 for a discussion. 
^'^The real-analycity properties of ^{Y) leak over into Z-space via the application of the Klein operators. 
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where and V^"^^ are n-linear symmetric functionals of ^> and 



(54) 



One then applies the homotopy operator to (34). Using prV = 0, which implies prdV = d{prV) = 0, 
one has 



U = U-pr 



v,u 



(55) 



with the perturbative solution 



(56) 



n=l 



n=l 



for homotopy operators L^"^^ f = pr V^^\ f 

These solutions are formal in the sense that^^ at the n-th level of the ^-expansion, Eqs. (34) and (35) 
imply 



in) 



("2)1 



(57) 



ni+n2=n ni+n2=n 

ni+n2=n 

where by the perturbative assumption, the lower-order building blocks {^>'^"'\ V^'^'^}'^7li belong to an as- 
sociative ^-product algebra and obey their respective equations of motion and gauge condition. This implies 
that the right-hand sides in (57) and (58) are (7-closed. Thus, if the right-hand sides are in addition real- 
analytic after the ★-products have been performed, then and F^"^ can be obtained by applying pr for 
any closed contour F enclosing [0, 1] . This fact can be used to set up perturbative regularization methods, 
as we shall discuss in Section 4.2. 



2.3.2 Residual f)s(4) gauge transformations 

The physical gauge condition (45) is preserved by full gauge transformations (32) with residual gauge 
parameters obeying 



which can be rewritten using izV = and (196) as 



V,e 



0, 



(59) 



(60) 



Working more carefully one can also make active use working in intermediate alternative ordering schemes; see Section 4.2. 
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Under the assumption of real-analycity in twistor-space, this impUes the perturbative expansion 

oo 

ele;«>] = e + j;?<")[e; ...,$] , (61) 

n=l 

where e^") , which are linear functionals of the f)s(4)-valued gauge parameter e(y) , obey 

ni+n2=n n\+n2=n * 

The induced residual [35(4) -transformations acting on the twisted-adjoint initial data are given by 



<5e$ = m)\z=o = - , (63) 

with softly deformed closure relations 

[S^^,S-^^] = %2 , ei2 = [[£1,62] + (Jeaei - (5,,e2 , (64) 

where 6e^ 2^2,1 is the 2 '^'-variation of e{e2,i; '^'J ■ Perturbatively, 

00 



(65) 



n=0 ni+n2=n 

where the leading order is given by 

5(0)$ = (66) 

2.4 Gauge function methods 

2.4.1 General ideas and role of zero-form charges 

Given a graded exterior differential algebras, its locally defined solution space, including unbroken as well as 
broken gauge parameters (a la Cartan), can be sliced into orbits generated by gauge functions from reference 
solutions. In free cases, whether graded commutative or associative, the spaces of reference solutions can 
be taken to consist of constant zero-forms. In quasi-free cases, with additional algebraic constraints, these 
spaces acquire more structure. In particular, in graded associative systems with nontrivial central and closed 
terms in positive degrees, such as Vasiliev's equations, nontrivial reference solutions must contain fields 
with strictly positive form degree. 

In the Vasiliev system, a nonvanishing twisted-adjoint integration constant C indeed implies a nontrivial 
reference solution ($^, Vq) related to Wigner's deformed oscillator algebra and there are also nontrivial fiat 
connections Vg in twistor space^^ for vanishing C labeled by moduli parameters 9; for examples in the case 



Nontrivial flat connections can also arise on T*.4 
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of the four-dimensional bosonic models, see [5, 17, 6, 10]. The locally defined solution space to the full 
system (33)-(35) can thus be coordinatized reference solutions yc o) ^^id a master gauge function L 

on the correspondence space ^. The solution ($'(^, V^] L can then be reduced down to submanifolds of 
such as J3f X and ^ x "3^, leading to dualities between formulations in the twistor space and spacetime, 
whose comparison furnishes one of the key motivations for seeking geometric formulations of higher-spin 
gravity. 

Alternatively, as far as formulations on ./# are concerned, the full system can first be reduced down 
to which yields free and graded commutative albeit perturbatively defined differential algebras, with 
locally defined solution spaces coordinatized in terms of C and reduced gauge functions L. In principle, 
the resulting two approaches to formulations on ^ form a commutative diagram. Technically speaking, 
the path consisting of reducing {^'q, Vq;L is easier to implement than the one consisting of reducing the 
equation system. These two paths can be matched, however, at the level of classical observables, which is a 
second key rational for seeking geometric formulations of higher-spin gravity. 

In both of the above considerations, zero-form charges play a natural role: To begin with, these are 
natural basic observables of the aforementioned twistor-space formulation. Moreover, although generally 
requiring global considerations, as discussed in Section 2.2, the aforementioned two paths to formulations 
on ^ can actually be compared directly in a single coordinate chart using the zero-form charges, as we 
shall examine in more detail in Sections 3 and 4. 

2.4.2 Master gauge functions in correspondence space 

loc 

Locally, the con^espondence space = T* .y^i x ^ x '3^, where denotes a chart of Eqs. (33) 
and (34) can be integrated explicitly in T*^i using a gauge function L/ [13]; for further discussions of the 
gauge function method in the context of globally defined solutions, see [19, 9], and for various apphcations, 
see [5, 6, 26]. Thus, suppressing the chart index, one has 

= L-i*a^^L, Um = L-^^OmL, (67) 

Va = L-^*{da + V^)*L , $ = L"U$'*7r(L) , (68) 
where the gauge function and the transformed master fields obey 

d^\V^,^') = 0, dMiK,^') = 0, (69) 
q^' + tt{V') = , gF' + y' ★ + $' * J = . (70) 
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These equations are to be solved subject to initial conditions 

$'|z=o = C , L\x=P=o = 1 , (71) 

and boundary conditions on d{T*^) and in twistor space, i.e. a choice of residual gauge function, say 
P, Y), and flat twistor-space connections [5, 6], respectively. We assume that the latter are compatible 
with the twistor-gauge 

izV = (72) 

It follows that 

$' = $U=o , V' = V\x=p=o , izV' = , (73) 

such that 

C = $'|z=o = ^x=p=z=Q = $|x=p=o , (74) 

where <I> is the reduced Weyl zero-form defined in (41). The twistor-gauge condition implies that the gauge 
function obeys 

L'^i.^zl + i(^) + ^z))^"' * (C^ + y^) * L + zL-i * (4^) + V'^ * (a^) - 9f|))L = . (75) 

Under the assumption of real-analyticity, it follows that Lq-q-x = L -k eyii^^(\c.Q.\) where \c;e;\ is a the 
particular solution to (75), that depends on C and the moduli Q for the flat connection in twistor space (see 
[5, 6]), and L = exp^(A), with A G f)5(4), is the homogeneous solutions representing the residual gauge 
degrees of freedom. 

The initial/boundary value problem is thus set up as follows: one first selects a twistor-space background 
V^.Q and a residual gauge function L = exp^(A) where A € t)s(4)/Tn and calculates the vacuum gauge 
function Lq.q-x, describing a rigid higher-spin extension of AdS{4). Into this vacuum configuration, local 
degrees of freedom are injected via the initial data C . The master fields ^^.g and V^^.q and the deformed 
gauge function Lc-fi-L ai'e then obtained using either perturbative or exact methods, from which one can 
obtain the full albeit locally defined description in con^espondence space via (67) and (68). Reductions to i2° 
and then yield two dual descriptions which one may explore systematically using classical observables. 

In particular, taking trivial 9 and reducing T*^ down to ^4 and can choose \{x, Y) G so (2, 3) /5o(l, 3), 
describing an AdS{A) vacuum, and expand C{Y) in terms of twistor-space functions dual to localizable 
Weyl tensors AdS{'i). In the perturbative approach, Eq. (70) and is then solved using the homotopy con- 
tractor pr given in (47), that one may think of as propagators in twistor space. After having solved also 
(75), the fields ^^.g and Vq.q can be mapped back to spacetime using the gauge function Lc-o-\- This 
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yields locally defined master fields {U, $) full of non-localities, and one may ask the question of whether 
locality is recuperated at the level of a suitable set of observables. For example, this has been found to be 
the case at the level of holographic three-point correlation functions [25, 26]. In this sense, the relatively 
intractable problem of dealing with the double perturbative expansion in spacetime is mapped to the more 
amenable problem of constructing associative algebra elements (A, V, in twistor space. In other words, 
the regularization of strongly coupled derivative expansions in spacetime is mapped to the arguably more 
tractable problem of regularizing ★-products in twistor space. 

2.4.3 Reduced gauge functions in spacetime 

Inserting the perturbative ^-expansions for <l> and U given in (53) and (56), respectively, into (33), and 
restricting to Pm = Z- = 0, yields an unfolded description in terms of a free differential algebra on ^ of 
the form 

d^> + P(C/;$) « 0, dU + J{U,U;^) « 0, (76) 

where P and J are linear and bilinear in U, respectively, and depend nonlinearly on <I>. The quantity 
Q := P.^ + J • ^ is a flow vector of degree one, acting in a graded targetspace with coordinates 
(<I>, U), and obeying the Cartan integrability condition {Q, Q} = (without further algebraic constraints 
on U) so that (76) defines a free graded differential algebra). The locally defined solution spaces can 
be coordinatized using twisted-adjoint integration constant C{Y) G T[f)s(4)] and adjoint gauge functions 
X(X, Y) € f)s(4), and expressed explicitly albeit perturbatively as^^ 

{^X;C,Ux-c) = [eMTx){<^,U)]\u=o,^=c , (77) 

where T\ is a vector field of degree one in target space given by the generator Cartan gauge transformations, 
viz. 

Tx = -P{^; ^) • ^ + (^^ - 2^(^' U; ^)) • ^ • (78) 

As discussed in Section 2.2, the classical moduli spaces consist of globally defined configurations of 

locally defined full master fields characterized by intrinsically defined classical observables i^-^ on t-bundles. 

Inserting the <l> -expansions into these constructs, which may require integrating out and Pm, yields 

perturbatively defined t-invariant observables 0'i{U,^;T), where t denotes the subalgebra of residual t- 

transformations, and T denotes the reductions of the transition functions T onU and Assuming that t = 

m C t)s(4), a nontrivial generalized Lorentz subalgebra, and letting E G f)s(4)/m be the reduced soldering 

^'in general, the exponentiation may run into problems in the case of non-formal initial data, i.e. initial data belonging to 
unitarizable representations whose elements in general are non-polynomial elements in the underlying associative algebra. 
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one-form, the order parameters for the soldered phase^^ are manifestly m-invariant observables ^mi^, 
such that ^m{Ex-Cj^X;c) depend nontrivially on the boundary values [Ajjg^^ of the generalized normal 
coordinates [A] G f)s(4)/m. In the metric phase, the integration constant C thus contain information of local 
deformations (including boundary states) while [\]\d_^ modulo Diff(3^) contain topological information 
of the background frame fields on d^. 

Two examples of order parameters are homotopy charges and minimal areas 

[9]. These observables are given by integrals of manifestly m-invariant densities built from E and ^ over 
Ti X 3f X '3^ where S are topologically nontrivial cycles in The densities are constructed such that the 
integrals are intrinsically defined, that is, depending only on the homology class [S]. One may refer to the 
order parameters as holographic observables in the sense that they remain invariant under diffeomorphims 
and homotopically trivial redefinitions of A which means that they locahze to boundaries of ^ (or lower- 
dimensional submanifolds where other observables have already been inserted which one may think of as 
impurities). 

In other words, from (77) it follows that starting from the initial data 

^Ipo = C , \\p, = , (79) 

at the point po € ^ where Tx vanishes, the unfolded field content can be constructed in a covariant Taylor 
expansion in the normal-coordinate directions. The local degrees of freedom in C are thus measured by 
two dual sets of observables: they can be contracted into locally accessible zero-form charges J^[po|^] = 
J^[po\C], or propagated boundaries where they become boundary degrees of freedom measured by the 
holographic observables. In particular, as one can always set the gauge functions to zero inside a coordinate 
chart, it is always possible to gauge away the master gauge field W in simply connected regions of ^ 
with compact support. In this sense, Eq. (77) manifests the fact that all local degrees of freedom arise via 
the Weyl zero-form [11, 12], independently of whether the theory is free or interacting, and of the locality 
properties of various effective descriptions in metric phases 

2.4.4 Remarks on space-time reconstruction 

Finally, we wish to add a few more remarks on the interplay between geometry and algebra in unfolded 
dynamics. 

^*We note that the physical data in A also contain monodromies, that are measured by Wilson loops, and described locally by 

integration constants of gauge functions associated with crossings between charts in the interior of 

^'in [64], this local homotopy invariance of unfolded dynamics was used to derive the full superspace formulation of four- 
dimensional higher-spin supergravities. 
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In backgrounds with invertible vielbeins, the Q-cohomology, also known as (T~-cohomology [67], can 
be contracted, leading to effective equations of motion in metric formulations. In particular, on their 
free limits describe unitarizable local degrees of freedom. In the unfolded approach in general, there is, 
however, no a priori reason why locality properties of the free equations of motion must persist at the level 
of interactions. In the interacting case, the physically relevant issue is rather whether the local degrees 
of freedom contained in the Weyl zero-form $ exhibit localizability at the level of holographic or locally 
accessible observables. This issue may be studied either perturbatively in ^-expansion, as we shall do below 
in the case of locally accessible observables, or non-perturbatively provided that one has access to a fully 
non-linear sector of the moduli space; for examples, see [10]. 

Another more algebraic way of reasoning is as follows: The full master fields $ and A are locally 
defined differential forms on the base manifold 3§ taking their values in spaces of functions on '3^ . One 
may think of such spaces as modules for a reduced higher-spin Lie algebra t)s(4) D so(2,3) as follows: 
the algebra f)s(4) itself is a subspace of the ★-commutator closed space of arbitrary polynomials on '3/'. 
Various twisted-adjoint representations, containing the initial data C defined by (3) (or (6)), can then be 
generated starting from reference elements given by functions on '3^ that may in general be non-polynomial; 
among these one finds, for example, various unitarizable representations [7]. This raises the issue on what 
physical grounds the theory selects its perturbative spectrum, that is, the set of admissible twisted-adjoint 
representations. The systematic way of proceeding is thus to exploit the constraints on C that arise from 
demanding well-defined classical observables, and in particular, well-defined zero-form charges. 

3 Zero-form charges and twistor-space quasi-amplitudes 

In this Section we discuss formal properties of classical observables given by integrals over the doubled 
twistor space x evaluated at a single point in T*^ . These observables are thus given by on-shell 
closed zero-forms on T*^ with a dual interpretation as basic blocks for amplitudes in twistor space; for 
further details on the latter interpretation, see the forthcoming paper [9]. In the next Section we shall then 
look in more detail into the regularization of these twistor-space quasi-amplitudes. 

3.1 Locally accessible observables and localizability of states 

An observable can be said to be locally accessible if it is nontrivial on shell in a single coordinate chart 
of spacetime. In unfolded dynamics, such an observable is a composite zero-form J^(<I)) that is closed on 
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shell, i.e. dJ' « . This is equivalent to that is invariant under general Cartan gauge transformations^", 
i.e. 5f^^ = 0. Hence ^ is a globally defined zero-form on the base manifold. From (77) and (79) it follows 
that 

^(^A,c) = ^{C) , (80) 

which hence defines a Casimir invariant for the unfolded system, or a generalized central charge. Alterna- 
tively, one may think of as a building block for the quantum effective action on shell (including deforma- 
tions and counter terms and evaluated with initial data prescribed by C)^^ In the curvature expansion, 

^($) = J] J^(") ($,...,$), 5,$ = i^pW (£;$,...,$)$, (81) 

n 71=0 

where p^^\e)^ is a rigid gauge transformation, implying the equivariance relations 

ni+n2=n 

In particular, one has zero-form charges such that 

J^j^\^,...,<^) = forn<K J^^^ (<5f^^, = 0. (83) 

whose leading terms are thus invariants of the rigid nonabelian gauge algebra. 

In general, the twisted-adjoint module T of the unfolded system decomposes into representations r|(, 
consisting of states labeled by quantum numbers s of various subalgebras C f)5(4), such as for example 
unitarizable one-particle states or solitons; for a discussion in the context of higher-spin gravity, see [7]. In 
such a sector, one may choose a reference state fp° G Tj,f, associated to the base point pQ. This state can then 
be rotated into a multiplet {/p^} by t) . These states are then translated by a gauge function Lg,p(,, obeying 
Lp qLq f ^ Lp^f^ into 

/| = p(0)(L,,pJ/;„, (84) 
where p^^'' denotes the representation matrix in T\.^ . The initial data 

= c = Cif, = (85) 

i 

^"Consider an unfolded system with zero-forms obeying d<l?' + Q'("3?; U) — Q with = U'^Q\.{<^) where C/"" denote the 
one-forms of the system. Under one-form gauge transformations with parameters , the zero-forms transform as 5^^^ = —e^Ql. . 
If is closed on shell, that is = dj^ = -VQld^J^ for all U'' , then it follows that S,.y = -e^'Qldi.y = for all e"" as 
well. 

^^'For further discussions of on-shell actions in the context of unfolded dynamics, see [19, 9]. 
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where Cj G C, describes a free solution 

= p^'\l;1^)cu = Y.'^Zip)c^, (86) 

i 

where ^^'(p) = P^'^H^pg^pLq-^p^-^) f^^ obeys = f^^, the idea being that this is the dominant contri- 

bution to <I>(^) (p) at p = gj. In general, the perturbative zero-form invariants can be decomposed as 

^(")(a^) = j;j^(")''=(af,), (87) 

k 

J^(-^'HCU)= J: (h^nrA A^:Jt..n, , (88) 



n-i + ■ ■ ■ + ni. — n 



where 



ii,ni;...;ifc,nfe 



=^^"^((/Sr,---,(/p4r^) , (89) 



that vanishs trivially if > n . One can then say that the sector in question exhibits locality and that (p) is 
locahzed at p = g if (Q-f)) exhibit classical cluster decomposition in the sense that there is a hierarchy 
such that^^ 

yin),! ^ y(n),2 ^ ... ^ ^(n)," ^ (90) 

in limits where all positions are separated "well enough" in the background metric of the gauge function; in 
other words, given a unitarizable sector, one may use the condition of cluster decomposition as a definition 
of what "space-hke" separation should mean, though we shall not go into these details much further in this 
paper. 

In sectors exhibiting locality, it is thus meaningful to think of fp as describing localized objects, inde- 
pendently of whether the effective equations of motions in the metric phase contain nonlocal interactions or 
not. One can then interpret the most separated (and smallest) pieces 

y^"\{pi,Si),...,{pn,Sn)) := J^^^^fpl-.-j;:) (91) 

as candidate building blocks for gauge-equivariant n-particle scattering amplitudes, which we refer to as 
quasi-amplitudes. 



^^This form of locality holds for spherically symmetric solutions of the four-dimensional Vasiliev system [30] (see [10] for an 
analysis of localizability) suggesting that also solitons play a role as "perturbative" building blocks in higher-spin gravity. 
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3.2 Implementation in Vasiliev's higher-spin gravity 

The ★-product algebra of functions on x ^ admits a chiral trace operation given by 

Tr[6(2/,y;z,z)] = / ^ ^^,^\a'^ ^ fo{y,y;z,z) , (92) 

where 0{y, y; z, z) is an operator represented by the symbol fo in some ordering scheme, and integration 
domain !^ taken as in (193). Formally, this trace operation is cyclic, independent of the choice of ordering 
scheme^'' and obeying 

IY[/])t = IY[/t] . (93) 

It is thus natural to construct classical observables for using traces. Manifest t gauge invariance off shell 
can be achieved by tracing ★-product composites built from the locally defined data {F/, Ei,Vi,^i T/'} 
that transform in the adjoint representation of t. Invariance under canonical transformations of ^ on shell 
requires more detailed constructions. 

In the unbroken phase, a natural set of intrinsically defined observables are decorated Wilson loops in 
the Lagrangian submanifold ^ given by^^ 



(94) 



./=i 

where c/K is a normalization chosen such that the leading order in the curvature expansion is finite; the 
symbol Pp denotes the path order along a path F c and 

are adjoint impurities, where have defined 

$ = = ($)t = (96) 

and m,fh,n e {0, 1,2,...} modulo the relations (kk)*^ = 1 and 

Viewed as a function of a fixed pi with the remaining impurities held fixed, this observable behaves as zero- 
form that is closed on shell. Assuming that the decorations can be pushed together to a single point and that 



""^^The independence of ordering prescription is a consequence of the fact that a slight altering of prescription induces a change 

in the symbol given by a total derivative on "3^ x ^ leading to boundary terms that vanish if the trace is finite. Strictly speaking, 

this argument requires symbolizable and universal orderings; for a more detailed discussion, see for example [10]. 
'''*For further details, see [9]. 
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the loop is trivial (or if there are no monodromies), the Wilson loop can be expended in terms of zero-form 
charges .yVTr ^rn,m;n ■ Splitting into real and imaginary parts, one has {K = 2,4,... 

= ^TY[($*^($))*-^*K^] , (98) 
^1+1 = ^/+iM$*vr($)r^*$*i(??±S)], (99) 
J^'k = ^ TV[($*^($))''^] . (100) 

These zero-form charges are on-shell closed and globally defined functional. Two local representatives, say 
{Ai, $/) and {Ap , ^j'), can be glued together with a transition function T/' only if J^[^i] = J'\^ii\ for 
all zero-form chai-ges J . In the curvature expansion (81), viz. J\^{C)\ = J^{C) = Y,n -^^""HC, ... ,C) 
where the twisted-adjoint initial data C is defined in (71), one may ask whether the n-linear bose-symmetric 
functionals ^(") are well-defined. To normalize the leading order, one notes that the insertions of inner 
Kleinians localizes the chiral trace operation, as can be seen by going to overall Weyl order where 

[^Iwcyi = {27rfS^{y)S'{z), [Rj^^yj = {2'Kf5\y)6\z) . (101) 

One is thus led to the following normaUzations 

= I, ^K+i = ^ > ^ = ^^ (102) 

where =yK is the inverse of the volume of chiral twistor space^^, 

. / ^ . 003) 

With these choices, one has the leading terms 

= STtySTvy[{C*Tr{C)y''] , (104) 
'^P+i^^^ = l{STvyTTy±TTySTvy)[{C*7r{C)y''*C] , (105) 



K 



TiyTvy [(C*7r(C))*^] , (106) 



""^The zero-form charges generate interaction ambiguities [9] and on-shell actions and related tree-amplitudes in twistor space 

[9] (see Appendix B). In both these applications, the zero-form charges appear together with free parameters that can be taken to 

contain the required normalizations. 

''^One way of regularizing (103) is to interpret the integral over chiral twistor space as the trace of the identity operator in a Fock 

space. Alternatively, one may choose to work with subtractive regularization schemes. We leave both these interesting problems 

for future studies. 
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where STr.y [/(y)] = f\y=o and Tvy[f{y)] = f ^f{y) idem y. As discussed in Section 2.4.2, the harmonic 
expansion of free fields subject to boundary conditions in spacetime leads to initial data of the form^': 



C{Y) = Y.C^{Y), Cj,{Y) = Y.h-AY)C^-A, 



(107) 



S A 
where S labels different sectors of boundary conditions; /^.^ denote basis elements of these sectors, labeled 
here by some index A, and which one may think of as vertex operators; and the expansion coefficients Cs;A 
are commuting numbers. The con^esponding f)s(4)-invariant quasi-amplitudes are defined by 

1 



K\ 



STr^STrj 



(108) 



K+l^ 



{K + l)\ ^ 2 

permutations 



'<t(K + 1) 



T(if);^CT(if) ' 



(109) 
(110) 



permutations 



Breaking f)s(4) down to sp(4) one obtains quasi-amplitudes for fixed Lorentz spins. For example, one may 
label the basis elements by points x G AdS{A) and Lorentz spins (s, s), viz. 



(111) 



where the gauge function L{x) is a coset coordinatization of ^^5(4) and /q'*''*^ can be taken to belong to 
various representations of the twisted-adjoint spin-s module. This yields J^-point twistor-space amplitudes 
labeled by K bulk points; for example, the three-point functions 
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^±(1,2,3) = ^-{TrySTTy±STryTry) [f^''^''K7T{L{xi,X2)) *7T{f^''''") 

*L{x2,X3) * f^'''"'^ * 7r(L(x3, xi))] + (1 o 2) , (112) 

where the vertex operators are linked together by L(xj,Xj+i) = L{xi) * L~^(xj+i) (X4 = xi). Using 
vertices that are localized at x = and sending Xj to the boundary, one may examine whether the amplitudes 
fall off with evanescent terms consisting of f)s(4)-invariant amplitudes, fixed entirely by kinematics. We 
leave this study, in particular the comparison with ordinary holographic amplitudes, for future studies. 



^^For further detailed information on the fiber approach to harmonic analysis, see [7, 8, 24]. Essentially, the idea is that taking 
C = fs:A yields a full zero-form P, Z; Y) with projections <I>(a;, P = 0; F) = P = 0, Z = 0;Y) and Y) = 

$(X — 0, P = 0, Z; Y) obeying dual boundary conditions in spacetime and twistor space, respectively. 
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4 Regularization of twistor-space quasi-amplitudes 



4.1 Motivation and summary of results 

At the level of the perturbative expansion of the master fields, the ^-products on the right-hand sides of 
(57) may produce singularities in the homotopy integration variables for particular initial data C. At the 
level of classical observables, additional potential divergencies may arise as the result of trace operations. 
Thus, in order to calculate classical observables, one needs to set up regularization schemes, that in general 
may depend on the initial data C . Below, we first assemble a scheme based on analytical continuation of 
the closed contour T in the homotopy operator pp in (47). We then apply this scheme to the calculation 
of twistor-space amplitudes in the sector of twistor-plane waves [13, 14]. We recall that in this sector the 
master fields have well-defined perturbative expansions [3] (see also [15]), making it a convenient testing 
ground for the formalism. 

In the aforementioned context, we wish to remark on the following subtlety: In the sector of twistor 
plane waves, the closed-contour homotopy contractor pr collapses to the open-contour contractor p as in 
(50), leading to the presentation of the master fields in this sector given originally in [3]. However, as one 
traces strings of master fields from this sector, singularities appear if one uses p, while no singularities appear 
if one uses pr with sufficiently large contour F. In the latter case, one can exchange the order of integration 
between the trace and the homotopy contractions, and evaluate the integrals over T using residues. 

Proceeding in this fashion, our finding is that in the sector of twistor plane waves there exists at least 
one good set of zero-form charges and corresponding quasi-amplitudes, namely those in (98) based on 
supertraces on both chiral and anti-chiral sides. Interestingly enough, in this case, the residues in the first 
sub-leading order cancel due to twistor identities. One thus remains with the interesting possibility that all 
residues vanish, in which case these zero-form charges would be given by their leading contributions in 
(104), though we have not found any general argument for such a protection mechanism. 

4.2 Large-contour prescription and perturbative associativity 

In order to give a prescription for the perturbative expansion of the master fields themselves one has essen- 
tially to make sure that it abides by the requirement of associativity. 

Assuming that the initial data C is such that there are no branch cuts ending at infinity^^ , we propose to 
avoid any singularities at finite locations by taking all homotopy integration contours large. This prescription 
is compatible with integrabiUty if there are no singularities appearing inbetween large homotopy contours 
^^This holds for twistor-space plane waves. 
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as one performs the ^-products in the associators of the set V^"'"'}'!^,J:i ■ 

To spell out the large-contour prescription in more detail, we define the ordered set 



(113) 



the equations (35) can be expanded as 



Qfi — fj-k fi-j , 



(114) 



where C/'* = if j = or j = i . Using /o * /i = T^ifi) * /o > one can show that the integrability amounts 
to that 



fi—j'i fk\ fj—k 







where the associators 



fk]fl] fn 



(fk * fl) * fm- fk * (// * fm) ■ 



Repeated homotopy integration yields /j (i ^ 2) as i — 1 closed-contour integrals, viz. 



(115) 



(116) 



/,(r,_i;ri_2,...,ri) = pr,_i (cf"Vj(ri-i;rj-2,...,ri)*/,_,(ri_2;r,_3,...,r,)j , (iiv) 

enclosing [0, 1] counter clockwise in accordance with the large-contour prescription: in order to ^-multiply 
fi with other perturbative building-blocks from the left or the right — for example in going higher up in 
perturbation theory or in looking at observables — such ★-products shall be performed taking all contours 
in fi to be large, including the last contour Fj-i . In particular, this prescription applies to qfi , since 



qf = q*f-{-iyhq, ?= ^dZ^Z^. 



(118) 



Thus, it follows that qfi is given by a large contour integral along Fj-i that can be deformed back to the 
poles coming from 7(tj_i) as to reproduce (1 14) if the ★-products on the right-hand side of (117) yield real- 
analytic symbols in Z-space when performed using the large-contour prescription. Applying q once more 
one finds the integrability condition (115), which one may as well — having in mind composite operators 
— replace by the stronger condition that {fi} form an associative algebra, viz- 



fk y fl \ fn 







(119) 



provided all ^-products are performed using the large-contour prescription. These associators vanish if there 
are no poles in between the nested large contours. 
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Exchanging traces and large-contour homotopy integrals 

Suppose that I/^")}^^^ is perturbative solution to the internal Vasiliev equations (57) obtained using 

the large-contour prescription (that is, the generates an associative algebra and its members obey (57)). We 
then define the zero-form observables in (98)-(100) by first expanding perturbatively and then exchanging 
the traces with the closed homotopy integrals. On general grounds, we expect such multiple closed-contour 
integrals to be finite and given by residues at infinity, leaving the trivial possibility that these residues vanish 
identically for generic solutions, which motivates taking a closer look at a simple case^^. 

4.3 The twistor plane-wave sector 
4.3.1 Definition 

We define the twistor plane-wave sector as the set of perturbatively defined solutions for which i) the expan- 
sion (107) of the initial data C is in terms of twistor-space plane waves, viz. 

Ci{Y) = J d^AfAQiA) , /a = e^^^^^ = e^(s'^+j/^) , (120) 

where Aq, = {Xa,Xa) are commuting twistor-space momenta; and ii) the A-integrals commute to the 
twistor-space integrals that arise in the perturbative expansion of master fields and classical observables. 
As we shall see, the second part of this definition requires the closed-contour version pr of the homotopy 
contractor defined in (47). Thus, in this sector we have 

= y"d%---dX$i';)_^^CA,---CA„, (121) 

V^^"^[C,...,C] = j d'k^---d^KviCi.,KCK,---CA^, (122) 

where the symmetric nth order plane-waves 

<La. = $^"^[/ax,---,/aJ , vfCL^ = ^^^''^[/ai>--->/aJ , (123) 

We wish to stress that in symbol calculus, as the ordering changes, the nature of the symbol of a given operator, thought of 
as a function or a distribution, may change drastically; for example, real-analytic Gaussian symbols may turn into delta functions. 
Along such deformations, which form paths in the affine space of orderings, that is, the space of bases for the operator algebra, a 
typical phenomenon is that there appear ordering dependent singularities that start moving across the auxiliary t-planes. As these 
pass under the closed homotopy contours, the perturbatively defined master fields pick up finite residues that hence depend not only 
on the ordering but also the details of how the contours are drawn. These ambiguities are spurious, however, since they drop out 
from the traces used in defining observables, which are ordering-independent. 
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have well-defined perturbative expansions for open-contour homotopy contractors p defined in (50) [3] (see 
also [15])^°. 



4.3.2 Expansion of master fields up to second order 

:(2) 

,A2 

^^"^^ [/Ai 5 A2] by integrating (70) perturbatively keeping the homotopy contours closed. 



Let us compute the first order correction V)[j^ = ^^^^[/ai] and the second order correction <I>y^^ 



Calculation of yjj^ 

The first step consists of integrating qV^^^ = — /a^ -k J = |/ai * {bdz'^K + bdz^R) . Using the homotopy 
operator given in (47) one finds 

Vi^^ = iz£ ^7(t) if" (/a, * '^{bdz'l^ + bdz'R)^ (124) 
which is thus given by the holomorphic and anti-holomorphic parts 

f^^^K = e'^'^y+^'^'+y'^'^ fj^^i^R = e'^+y^'-'-y+'^'^^l iiis) 

Acting with tf^ yields 

tf^ (dz^ e^[(?'+^i)^+j^^il) = tl dz" e^[(?^+^i)^*i+^"^i] (126) 

tf^ (dz^ gi[+?^Ai-(5+A0.1^ ^ ^2^^2 gi[^Ai-(g+AO.-ti] ^ (127) 

which hold for general ti G Fi . Let us introduce an auxiliary twistor momentum M = {fi, jl) and a source 
term e'''^^~^s. ^ in order to represent each factor Z— through a partial derivative with respect to M . The 
action of the inner product iz becomes 

izdz'^tje'^^y+^^^'^^+y'^^^ = 2(iz"z„ tl e*[(2'+^i)^*i+5^il 

(128) 



2 dz" tl i-i)^ ei[(y+Ai+m)^ti+gAi] 



Ati=0 



''"it would be interesting to find tiie exact solution to the Vasiliev equations with initial data C = qa + ""((jj^) where qa = 
C7a(/a + 7I"(t"(/a)) with fixed twistor-space momentum obeying (Aq)^ — \a. In the classical perturbation theory, the twistor 
plane waves are in the same regularity class as polynomials. In this sense, one may think of the aforementioned solutions as 
generalizations of the exact 0(3, l)-invariant instanton solution of [5] (corresponding to A = 0). In the language of quantum 
mechanics, twistor plane waves correspond to coherent states, while squeezed states correspond to ordinary one-particle states. In 
terms of space-time curvatures, the latter are more localized than the former. This explains why the the perturbative expansion 
based on initial data corresponding to boundary-to-bulk propagators [25, 26] is more singular than that in the twistor plane- wave 
sector [3, 15]. It would be interesting to see whether the closed-contour contractor pr could be used to simplify the calculations of 
[25, 26]. 
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where fii is the first components of the auxiUary twistor momentum Mi = (;Ui,/2i) and the derivative 
operators —i^-s can be treated as a Z independent quantity and factorized. The expression for the z parts 
similar and one obtains 

d 



V, 



(1) 



bdz' 



d 



+ bdz^ 



(129) 



where we have defined 



Ml 



(Ai) = expi[{y + Xi + iii)zti+yXi] (pfi^^iM) = expi[yXi - {y + Xi - fii)zti] (130) 



that automatically satisfies the gauge condition since izV\j^ ~ z°'Zati + z°'zati = . 



Calculation of ^ 



(2) 



The next step is the integration of the zero-form equation 



(131) 



where vj^^ is given in (129). The momenta Ai, A2 are in general different and ^2 symmetrized. The 



homotopy operation yields 



dt 



(132) 



We split the first ^-commutators on the r.h.s. of (131) in two parts following the definitions in (130) and 
perform the ^-products using 



fA fiy,y;z,z) = fAf{y + X,y + X;z-X,z + X), 
f{y, y; z, z) -k = fAf{y-X,y-X;z-X,z + X), 



(133) 
(134) 



to arrive at the following contribution 
1 



Ml 



(Ai), /asItt = e 



i[y>^2+y>^2+y(z~X2)ti+yX 



1] cos [A2A1 - (Ai - A2 + Hi)iz - X2)ti] , (135) 



and a similar expression for the complex conjugate. To act with iz^2 ^ one-forms in (132) we 

introduce another auxiliary twistor momentum M2 = {^2,^2) with its source term e**^2"^a^ , such that 



/il=M2=0 



(136) 
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idem, the (/>^^ (Ai) -contribution, where we have used (^~^'^^ ("^^ff ) ^"'^ ~ '9^i^m2 ^i'^^ d^^d^^ = 
^Mi^A«2,« • Substituting the explicit form of (Ai), /ajItt given in (135) and -[(/)^^(Ai), /Aa]*, we 

find 

X *i{'^m,M2(^i'^2) + 0^„^,(Ai,A2) + (Ai o A2)}|^,^ ,,^^o , 

where we have defined 

•^^...lAi^A^) = e4^^^(^-*^)+^(^^+^^)+(^+f)^H cos[A2A,-(Ai-A2 + m)(^t2-A2)ti],(138) 

and its the complex conjugate (/(^^^^(Ai, A2). So far, the choice of closed contours is immaterial, since 
no divergences have appeared. Thus, the closed contours could in principle be converted into open line 
integrals. However, as we shall see next, the closed contour prescription will be crucial in calculating 
invariant quantities. 

4.3.3 Evaluation of zero-form charges in the leading order 

Let us evaluate the quasi-amplitudes corresponding to the leading orders (104)-(106) of the zero-form 
charges. Using 

/Ai*vr(/Aj*/A3*---*/A;,_,*vr(/A^) = e^[®-^+®-^]/Ai...K (139) 

where 

n n 

Ai...„ = Y.^-y-'Xi, Xi...in) = (140) 

i=l i=l 

n n 

01...(n) = '^^i^j^ 01-(n) = -'^^i^j ^ (141) 

i>j i>j 

one find the following quasi-amplitudes in the leading order 

if )(Ai,...,Ax) = ^ e'[^--+«--l , (142) 

perm. 

(^+ + ^-)Sf+Y^(Ai,...,A^+i) = T^^E 2^52(^^ ^^^^^)^i[e,,,,,^,)+e,,.,(,.+,)]^ (143^ 

^ '' perm. 

^^)(Ai, . . . , An) = ;^ 5] (2vr)2 5HX^...k) 5HXi...k) e^I«--+ei..-l . (144) 

perm. 
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4.3.4 Evaluation of zero-form charges at next-to-leading order 

In what follows we use the large-contour prescription to evaluate the first sub-leading terms in the expansion 
of the zero-form charges (98)-(100) in the initial data C defined in (74). We shall assume that the gauge 
function drops out from the trace, so that d^K = holds manifestly and we can work at the point where 
X = P = 0. For simplicity of notation, we shall drop the primes in the remainder of this section. 



at next-to-leading order 

We first treat the zero-form charges defined in (98), its perturbative expansion reads (i^ = 2, 4, 6, . . . ) 



K 



n=0 



{K+n) 
K 



(K+n) 



1 



K 



{K + n) 



ni + ■ ■ ■ -f nji 
= K + n 



In the plane-wave basis, the con^esponding quasi-amplitudes read' 
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ni + ■ ■ ■ + 

= K + n 



KK 



(145) 



(146) 



perm 



-k KK 



where A^") = (Ai , A2 • • • A„) and we the denote the nth order plane waves by 



(n) 
A(") 



(n) 

Ai...A„ 



(n) 

A,.. .A, 



,(/Ai'---/a„) 



The first sub-leading correction 



^K+l) _ K ( 



ay 

2 V^K 



(1,2,1. ..,1) 



K 



(147) 



(148) 



contain formally singular 



integrals over Y and Z space. As we shall demonstrate next, choosing to regularize these the large-contour 
scheme yields vanishing next-to-leading orders , 







(149) 



where the zeroes are of the form 



dt 



^7(ii) 



X 



27rzti Jr^ 27rrt2 (1 - tit2)^ 
that is, a potential logarithmic divergence times a vanishing square of an external twistor momentum A. 



(150) 



The sum over permutations exchanges the K + n external twistor momenta. Before explicit symmetrization the separate 



contributions to the quasi-amplitudes have partial symmetries due to the cyclic property of the trace operation and the 

total symmetry of the higher-order plane waves. 
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To this end, let us first consider the case K = 2. We replace one of the linearized plane waves with the 



~(2) 

second order plane- wave ^^,^^2 E^^^^ (137), that is 



^1-2) 



1 



Tr 



KK 



(151) 



"2 3! 

The second-order plane wave is the sum of two contributions cl)'l^_^ ^^{Ai, A2) and i;^^j^2 (^i; ■'^s) that we can 
treat separately. We obtain four different contributions, namely 

X COS [A2A1 - (Ai - A2 + fii)[{y + A3) t2 - X2]ti] , (152) 

^^(Al, A2) *7r(/A3) = e*(y--P+^A3+fA3)g^[-(-A3)A2{l-ti)+{.--A3)(Ai+A2)+[(.-A3)-^](y-A3) iife] 

X cos [A2A1 + (Ai - A2 + fii)[{y - A3) t2 - \2\t1] , (153) 

where we have apphed (133), and two related expressions for /A3*7r(0^^^2 (Ai, A2))*kk and (A^^^j (Ai, A2)* 
71" (/A3) * K/t . In the case of -contributions, integration over (fz and (fz gives 

J d22e^^[-(y+^3)+A2(i-<i)+(y+A3) ht2] ^ 27r 52 ((-y - A3)(l - iit2) + A2(l - h)) (154) 

27!" ,2 f X X (1 - *l) 



y d2^e^""[-^+^3+^2+^il = 27r 52 (y + A3 + A2 + Ai) , (155) 



and likewise 



^2^gi^[-y+A3-A2(l-ii)+(y+A3) tit2] = 27r ^2 + A3)(l - tit2) - A2(l - ti)) (156) 

- y - A3 + A2 



y ^2-gis[j/+A3+A2+Ai] ^ 2^ 52 ^ Ag ^ A2 + Ai) , (157) 

where the y-space (^^.functions in (154) and (156) contain the potentially divergent factor depend- 
ing on the homotopy integration variables that must be regularized using the large-contour prescription. In 
fact, when we push both the ti and t2 contours to infinity the parameters ti and t2 are lai^ge everywhere 
and (1 — tit2)^ 7^ 0. This makes the J^-functions well-defined and we can safely perform the Y-space 
integration, viz. 

Tr[/A3 .vr(0i,2(A„ A2)) .^?^] = _^,^[+A3(A..A2).A2A3[iia^-(i^.01..^ 

cos [A2A1 - (Ai - A2 + ^il){X2^^-^^^^ + X2ti)] , (158) 

i — tit2 
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Tr[(|}'t,^^^ (Ai, A2) * ^(/as) *^?^] 



2vr ^,[_A3(Ai+A2)-A2A3[ <^-!^;:f +(l-ii)]-M2A2^^^] 



(1-M2)2 



COS [A2A1 + (Ai - A2 + w)(A2^V44^ - ^2ii)] • (159) 

i — tit2 



Now we observe that the two auxihary momenta ^ui and ^2 always appear contracted into the same external 
twistor momentum A2 - Hence, when acting with the differential operator d^^d^^ as in (137), the above two 
contributions vanish, viz.. 

d^,,df,,fr[U,*7T{(t>+^^^{Ai,A2))*KR] ~ A2A2 = (160) 

and 

df,,df,,fr[4>+^^^{Ai,A2)*7T{fA,)*KR] ~ A2A2 = 0. (161) 
A related cancellation occurs for the (/)(~)-contributions, and we conclude that 



^'\AuA2,As) = ^Tr[{h.,*n{^fl^^) + ^fl^^*n{fA.,))*KR] = 0. (162) 

riK+l) 



3! 



This result generalizes immediately to any K , where one finds that ^^'^^'^ are given by vanishing contri- 
butions of the form Tr[fA^ ^^^^^ ★ ^(^a^Ak+i) * ^"'^ ^'^[^(/Ai...(k-i) ) * ^aIa^+i ^^^^^ 
twistor momentum given by (140). 

J^^_^_i at next- to-leading order 

We next turn to the zero-form charges J^^^^i defined in (99). The first sub-leading term in ,y.^ is obtained 
by replacing in J^g (/ai, /A2) /A3) one of the linearized plane waves with the second order plane- wave 
A2' given in (137), that is 

^(^)(Ai,A2,A3,A4) = — ^ \iTrySTry±STryTry) (163) 

permutations 

X ^AiA2 * ^(/As) * /a4 + /Ai * ^(^Sas) * /a4 + /Ai * ^(/Aj) * ^Ja^] , 

We want to show the vanishing of all the relevant contributions to J^g (Ai, A2, A3, A4) coming from 
these three terms vanish, as in the K = 2 case considered above. Here we have to apply the composite 
trace operator ^{TrySTry ± STvyTry) corresponding to a simple trace and the insertion of a ^^^^^ factor. 
We can again treat separately the holomorphic and anti-holomorphic part of and show that for the 



^WM2(Ai>A2)partwe have 

K lb K 



Tr 



'^Xm2(^1'^2)*^(/A3)*/A4*' 



~ A^ ± ^contributions ~ (164) 
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Tr 



Tr 



/ai * 7r((^+^^(A2,A3)) * /a4 * 



K ± K 

2 

K lb K 



/Ai * vr(/A2) * (/'Xm2(^3,A4) 2 



~ A ± ^contributions (165) 



~ A ± ^contributions (166) 



where ^yV ^ = J ^ (see (98)). Let us show how this happens. The first and the third contribution are 
similar and can be expressed using an effective momentum using (133), i.e. 



^Sa2*^(/a3)*/a4 = e*"3*$^7^^*/A3, = e''^^^ fA,,^'j^l^^{y-X-u,y-\34;z-Xu,z+h4) (167) 

/Ai*vr(/A,)*$g^^ = e*®^^/A,,*$g^^ = e'""'' fA,,^^llj,^{y+\u,y+Xi2;z-Xi2,z-~Xi2) (168) 

where we have defined the total momenta A34 = (A3 — A4, A3 + A4), A12 = (Ai — A2, Ai + A2) and the 
classical parts 634 = A4A3 — A4A3 0i2 = A2A1, — A2A1. The second one should be considered apart and 
we obtain 

/ai*4$Sa3) */a4 = e^®^*/Ai4$SA3(-?/-^i + ^4,y-Ai + A4;-z + Ai + A4,z + Ai + A4) (169) 

where A14 = (Ai + A4, Ai + A4) and ©14 = — A4A1 — A4A1. We start by considering the first contribution 
in (164), that turns out to be the sum of two terms, proportional to k and R respectively. The K-part is given 
by 



(2) 



2tt e*®34 



['^Mi/^2(^l'^2)*vr(/A3)*/A4*^] = 

^2-g4-^34A2(l-tl)-A34(Al+A2) + (-A34-ff)^2^i^|^^tlt2] 



X COS A2A1 - (Ai - A2 + tit2 - X2tlj 

i — tit2 

which vanishes when we act with two /ii/i2 contracted derivatives 

5mi5m2 Tr [0+ (Ai, A2) -k 7r(/A3) * /A4 * ^] ~ A^ = 
Instead, the insertion of k produce a non- vanishing contribution, viz. 



(170) 



(171) 



Tr 



MlM2 



(Ai,A2)*7r(/A3)*/A4*'?] 



27re^034 /■ 2_ ,2 .2. , , A34 + A2(l-tl) ,^2M 

y d^z 6\z - A34 H ) 6\Xi + A2 + A34 - y) 



(172) 



{tlt2? J " ' ' tlt2 

^ ^,[_A34A,(l-t,)-A34{Ai+A,)-{A34 + ^)(.-A34)*lt2] ^^^^^ _ _ ^ ^^^^ _ ^^^^^^^^ _ 

(173) 



42 



but it does not contain the infinite chiral volume f (Pz and is suppressed by the normahzation infinite factor 
In the anti-holomorphic part Tr i;^^^^^!-^!! ^2) * '''"(/as) * /A4 * the role of k and k is exchanged 



and we find 



that allows us to conclude that 



'^mM2(^l'^2)*vr(/A3)*/A4* 

(A2,A3))*/a4* 
/Ai * vr(/Aj * (/>^^^2 (^3, A4) * 



K ± K 

2 

K lb K 

2 

K lb K 



contributions ib A 



^ contributions ib A 



^ contributions ib A^ ~ 



^3"('^(Al,A2,A3,A4) = 



(174) 

(175) 
(176) 

(177) 



Then, using the total momentum technique that we have explained in the J^^^^^^ computation, toghether 



with the cychc property of the trace, we can generalize the result to the general case, i.e. 

^|^+')(Ai,...,A;v+2) = 



(178) 



J^^ at next-to-leading order 

An ai^gument similar argument to the one used above explains that the next-to-leading order terms vanish 
also in the case of the zero-form charges defined in (100). In other words, these corrections are canceled 
by the normalization factor and one has 



N 



(Ai...,A7v+i) = 0. 



(179) 



4.4 Discussion: transgression and all-order protection? 

On may ask whether it could not be the case that aU sub-leading corrections vanish identically in the plane- 

(3) 

wave sector. In general, looking at more complicated sectors, the first sub-leading correction ^2 ^ 
building block for three-point functions which are usually constrained by symmetry. However, the cancel- 
lations replicate for arbitrary K which begs for an explanation. By analogy with Yang-Mills theory one 
may think about the integration over Y-space as tracing over various representations in the fiber, while the 
integration over Z-space plays the role of integration in the base manifold, viz. 



(180) 
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where we use the notation given in (96) and it is understood that the trace operation peels off the volume 
form (fzcPz in Z-space. Thus, for if = 1 one thus has the standai^d transgression formula 

2, 



\Tr 



Vi<qV + -V*^ 
3 



(181) 



where the exterior derivative has been pulled out without making use of any homotopy contraction operator, 
which suggests that J^2"^ vanish for all n ^ 3 . This leads to the natural question whether it is possible 
to pull out a q from the integrand in (180) without using any homotopy operator, that is, by using only the 
constraints, which can be decomposed into holomorphic and anti-holomorphic components as follows: 



dfj + dU + Ui.V + Vi.U = 0, 
9$ + C7*$-$*C7 = 0, = 0, 

where we have defined 



d = dz'^da , d = dz'^d, 

ib 



U = dz'^Va , U = dz"Va 



n = ^dz^ , n = - = . 



(182) 

(183) 
(184) 

(185) 
(186) 



4 ' ' ' 4 

Indeed, in the next-to-leading order in perturbation theory, the following holomorphic transgression formula 
holds for all K: 



(^(l))^-2 + ... + (^(l))^-2^(2) 

where we have suppressed the stars, but we have not found any generalization to higher orders. 



(187) 



5 Conclusions 

In this paper we have addressed an aspect of the issue of localizability in Vasiliev's four-dimensional higher- 
spin gravity: the aim is the identification of sub-sectors of the classical moduli space consisting of solutions 
with well-defined centers of mass that exhibit cluster-decomposition at the level of a suitable set of classical 
observables. More precisely, we have focused on the regularization of a particular set of classical observ- 
ables, referred to as zero-form charges, that do not break any higher-spin gauge symmetries and that depend 
only on the locally defined curvatures and their derivatives in a single coordinate chart. These observables 
can be defined non-perturbatively and then be given a double perturbative expansion: one first expands such 
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a charge, ^ say, in the Weyl zero-form comprising all curvatures and their derivatives on shell; at each 
order, n say, this yields an n-linear gauge-equivariant functional J^(") on the infinite-dimensional Weyl 
zero-form module; one then fixes a specific representation of the Weyl zero-form module, which essentially 
amounts to choosing boundary conditions, after which can be given a separate expansion in terms of 
the quantum numbers used to label the states of the representation in question and interpreted as the basic 
building blocks for dual amplitudes that we refer to as quasi-amplitudes. 

The zero-form charges are functionals J'\^\ of the full Weyl zero-form <I> given by are integrals over the 
twistor (y, Z)-space of star polynomials in ^' and 7r(<I>') where := $|p is the value of $ at a single point 
p G M. This value can in its turn be expanded perturbatively in terms of the initial datum C := <&'|^=o, 
introducing auxiliary contour integrals used to homotopy contract the exterior derivative on the twistor Z- 
space. The resulting perturbative C-expansions of the locally accessible zero-form charges J' [$] are thus 
given by nested auxiUary and twistor-space integrations, where the latter come from star products and the 
trace operation. 

Depending on the choice external states in the corresponding quasi-amplitudes, these nested integrals 
exhibit various singularity structures: one type stems from strongly coupled derivative expansions in space- 
time and presents itself already at the level of the perturbative expansion of the locally defined fields (prior to 
inserting them into the zero-form charges); another type stems from tracing over the doubled twistor space. 
Physically speaking, the former divergencies are important for the ordinary holographic approach based 
on spacetime lowest-weight states that can be described perturbatively by boundary-to-buLk propagators: 
indeed the authors of [25, 26] have found that there exist deformed integration contours in twistor space 
turning such potential divergencies into well-defined residues reproducing three-point correlation functions 
of free-field cuiTcnts in accordance with the proposals of [58, 59, 60]. 

In this paper we have instead examined the second type of divergencies that appear already in the sector 
of twistor-space plane waves (that has been proposed to correspond to amplitudes of topological open strings 
[16]). We have proposed a regularization scheme based on keeping the twistor-space contours fixed and 
instead performing the auxiliary integrations over large closed contours (see Sections 2.3 and 4.2). This 
prescription respects associativity and hence higher-spin gauge invariance for external states such that no 
poles appear in between the auxiliary closed contours in the limit when they are all taken to be large enough 
(which essentially amounts to that the regularized values are given by the collection of residues at the 
infinities in the complex planes of the auxiliary integration variables). Using this prescription, we have 
found that the first sub-leading correction to a number of quasi-amplitudes vanish. 

We would like to hight-light the following open problems: 
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• Does the protection of quasi-amplitudes in the twistor-space plane-wave sector persist to higher orders 
or are they a special feature of the next-to-leading order? Is there a coiTclation between protection 
and the existence of perturbatively defined transgression formulae (see discussion in Section 4.4)? We 
wish to stress the fact that it may in principle turn out to be the case that our regularization scheme 
actually yields trivial corrections, at least in the twistor-space plane-wave sector. 

• Do the quasi-amplitudes correspond to actual amplitudes of the topological open string theory in 
singleton phase space as proposed in [16]? To this end, it has been proposed in [9] to complete the 
zero-form charges by additional contributions within a duality extended scheme that can be taken 
off shell such that the completions can be interpreted as the values on shell of classically marginal 
deformations of a topological bulk action. 

• Turning to (possibly duality extended) quasi-amplitudes for external boundary-to-bulk states or one- 
body solutions [30, 10], does the regularization procedure proposed here lead to a well-defined result? 
In that case, does it describe new sectors of free conformal field theory? For example, one may treat 
the standard canonical quantization of the boundary theory as a trace with an insertion of a vacuum- 
to-vacuum projector and then examine the effects of replacing this insertion by other operators such 
as for example Klein operators of the oscillator algebras of the free fields. 

Two related issues, that we also think are very interesting, concern the role our regularization procedure 
may have to play in the evaluation on shell of various marginal deformations in even positive degrees given 
by different homotopy charges defined in a soldered phase of the theory [9] : 

• A complex on-shell closed form of degree two is proposed in [10] to detect centers-of-mass of multi- 
body solutions; these solutions involve auxiliary contour integrals that can be deformed following the 
scheme that we have proposed. 

• An on-shell closed form of degree four is proposed in [9] as generating functional for holographic am- 
plitudes. Upon supplementing counter terms on the boundary of spacetime and possibly also twistor 
space (corresponding to a subtractive regularization scheme rather that the multiplicative one spelled 
out in Section 3.2), can one apply our regularization scheme to calculate holographic correlation 
functions? Is it possible to relate our prescription (that deforms the auxiliary homotopy integration 
contours) to the prescription used successfully in [25, 26] (that instead deforms the contours in twistor 
space)? 
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A Normal-ordered symbols 

The perturbative expansion in twistor space is facilitated by going to the normal order that reduces 
to Weyl order for composites depending only on Y- or Z-, and that preserves manifest invariance 
of the diagonal sp(4) subalgebra of the sp(4)y x sp{A)z algebra preserved by Weyl order; the basic 
contractions of the sp(4)diag-invariant normal order are given by 

YaVp = iCqp , YaZ^ = — iCais , ZaVis^ = iCg^ , ZaZ^ = — iCqp , (188) 

where f d ■= f^Q — / In terms of the doublets defined by Y- = (y", y") and Z- = {z'^, —z"-), 
one has 

= ieai3 , = -ieafi, = iea/^ , z^z) = - iea/3 , (189) 

and hermitian conjugates. For polynomial polynomial composites, one thus has 

fiY, Z) * ?(y, Z) = / e^^"^- fiY + S,Z + S)giY + T,Z-T), (190) 

that is, 

f{y, y; z, z) -k g{y, y, z] z) = 

I d'^dyjd'v + ^ + + ^ _ ^(^ + ^ + ^. ^ _ ^ + ^) ^ (191) 

where the 8-dimensional auxiliary integration domain"^^ can be equivalently taken to be either real 
or chiral, viz. 

real domain^: (^Q,r7«)^ = (^a,^a), (192) 
chiral domain ^ : (^a,??^)"^ = {ia.rja) , (^a,??d)^ = (^ai^a), (193) 



''^Generic ordering schemes requires 16-dimensionaI auxiliary integrals. 
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giving rise to different non-polynomial extensions. In this paper we shall consider chiral extensions 
which are easier to implement due to the chiral nature of the Klein operators, whose normal- 
ordered form reads 

exp(-2r^^) • (194) 

(195) 

+ (196) 
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